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Abstract 

QCD superconductors in the color-flavor-locked (CFL) phase sustain light Goldstone 
m ' modes (that will be referred to as generalized pions) that can be described as pairs of 

(J^ ' particle and/or hole excitations around a gapped Fermi surface. In weak coupling and to 

lO ' leading logarithm accuracy, their form factor, mass and decay constant can be evaluated 



exactly. These modes are found to satisfy an axial- Ward-identity, constraining the mass 
of the Goldstone modes in the CFL phase. 
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1. Introduction 



Quantum chromodynamics (QCD) at high density, relevant to the physics of the 
early universe, compact stars and relativistic heavy ion collisions, is presently attracting a 
renewed attention from both nuclear and particle theorists. Following an early suggestion 
by Bailin and Love [|l|, it was recently stressed that at large quark density, diquarks could 
condense into a color superconductor |p, with novel phenomena. 

At large density, quarks at the edge of the Fermi surface interact weakly, although the 
high degeneracy of the Fermi surface causes perturbation theory to fail. Particles can pair 
and condense at the edge of the Fermi surface leading to energy gaps. Particle-particle and 
hole-hole pairing (BCS effect) have been extensively studied recently |]|, ^. Particle-hole 
pairing at the opposite edges of the Fermi surface (Overhauser effect) Q has also begun 
to receive some attention H, S, 0. This is however favored only by a large number of 
colors [@, |5[ P , strong coupling (large gaps) or lower dimensions Q . 

The QCD superconductor breaks color and flavor symmetry spontaneously. As a 
result, the ground state exhibits Goldstone modes that are either particle- hole excitations 
(ordinary pions) or particle-particle and hole-hole excitations (BCS pions) with a mass that 
vanishes in the chiral limit. Effective-Lagrangian approaches to QCD in the color-flavor- 
locked (CFL) phase have been discussed recently by some of us Q using a nonlinear realiza- 
tion of spontaneously broken color-flavor symmetry, and others Q using a linear realization 
with hidden gauge symmetry. Both descriptions are equivalent - if vector dominance is ex- 
act - due to the Stuckelberg mechanism [^. In general, the effective Lagrangian approach 
provides a convenient description of the long-wavelength physics based on global flavor- 
color symmetries, including flavor-color anomalies, but does not allow one to determine 
the underlying parameters of the effective Lagrangian. These parameters are important 
for a quantitative description of the bulk (thermodynamic and transport) properties of the 
QCD superconductor, including for instance the mass of the recently discussed superquali- 
ton H. They can only be determined using a more microscopic description of the QCD 
sup er conductor . 

In this letter, we will derive explicit expressions for the form factor, temporal and 
spatial decay constants and mass of the Goldstone modes in the weak coupling regime in 
the CFL phase, and refer to [0, Q for the discussion of the general aspects of the effective 
Lagrangian. In section 2 we discuss the general features of the QCD superconductor with 
screening. In section 3, we discuss the bound state problem in the CFL phase, and derive 
explicit results for the Goldstone modes. In section 4, we derive a general axial- Ward- 
identity in the QCD superconductor, constraining the mass of the Goldstone modes in 
weak coupling. Our conclusions are given in section 5. 



2. QCD Superconductor 



In the QCD superconductor, the quarks are gapped. Their propagation is given in 
the Nambu-Gorkov formahsm by the following matrix 



i(**) 



5*11 5i2 

•5*21 5*22 



(1) 



in terms of the two-component Nambu-Gorkov field ^ = {ip, ipc): where tp refers to quarks 
and ipcio) = C'ilF{—q) to charge conjugated quarks, respectively |^. According to Ref. |10|, 
the entries of S(g) in the massless case read W^ 



Slliq) = 


-i{'ip{q)'ip{q)) 


Si2{q) = 


-i{i^{q)i^c{q)) 


S2l{q) = 


-i{^c{q)i^{q)) 


S22{q) = 


-i{'tpciq)iJc{q) 



A+(q) A-(q) 



M7 



-Mt 
G(g)A-(q) 



G*(g)A+(q) G (q)A-(q) 

90-^9 9^1 



?T 



I G(g)A+(q) 



M 



+ f^r 



A+(q) 

I'o-^q 
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A;(q) 

I'o-^q 



(2) 



Here eg = ^{{\q\-fxf + M^M\G{q)\^ ^^^ ^ ip{(|q|-^)2 + |G(g)|2}i/2 are the energies 
of a particle/hole ^, whereas the energies of an antiparticle/hole are given by e^ « 
=F{ (|q|-|-;^)^ -|- |G(g)p }^'^ ll^, |ll|. The particle and antiparticle gaps are denoted by the 
complex-valued functions G{q) and G{q), respectively. The operators A='=(q) = ^(1 it a • q) 
are the particle/antiparticle projectors 0. In the CFL phase M = e'^e" 75 with (g")*^ _ ^abc^ 
The charge conjugation operator C is already incorporated in the definition of the Nambu- 
Gorkov field *. 

For large fi, the antiparticles decouple: g|| ^ (|q| — fi) is the particle/hole momentum 
at the Fermi surface in the direction of the Fermi momentum, such that e^ ~ =F 



and e„ ^ ^'2^. Therefore, we have 



^ql + \G{q)\^ 



70(go + g||)A-(q) 
MG(<?)A-(q) 



-MtG*(g)A+(q) 
7°(go-gil) A+(q) 



^l 



(3) 



with gg 



al 



|G(g)p. Using the color-identity 



E 



\aT 



T 



r' 



#1^ 



q^\ q) and ip^ is the transposed and conjugated field with C : 



; i-f^-i\ 



*'^We are adopting the standard phase convention between {ipip) and S{q). 
*^This approximation assumes M' M ft; Ic/ in the mass-sheU condition. 

**Notethat 7°A±(q) =AT(q)7'', 7^A±(q) = K^iciYf" anda-qA±(q) = ±|q|A±(q) 



(4) 





Figure 1: BCS gap equation. The thin and thick Unes are the free and dressed quark 
propagator, respectively, whereas the wiggly Une is the gluon propagator with A, B as 
Nambu-Gorkov indices. 

the gap function G{q) in the CFL phase satisfies (see Fig. ||) 



Gip) = -f 
3 






iD{p 



V{p - q) 



G{q) 



G{q) 



qi+q^ + \G{q)[^ 



(5) 



The second expression refers to Euchdean coordinates. We note that a similar equation 
is fulfilled by the antiparticle gaps through G{p) -^ G{p) on the left hand side of (0) for 
the present approximations. For perturbative screening, the gluon-propagator in Euclidean 
space reads W^ 



V{q) 



1 



+ i- 



1 



(6) 



Perturbative arguments give m\/{gn)'^ = m'j^/{g^)'^ ^ Nf/27:'^ and m^f/mj^ w 7rk4|/|4q|, 
where mo is the Debye mass, tum is the magnetic screening generated by Landau damp- 
ing and Nf the number of flavors |12|. Throughout we will refer to niM loosely as the 
magnetic screening mass. We note that the perturbative screening vanishes at large A'^c- 
Nonperturbative arguments for screening [^] will not be addressed here. 

For a constant gap, (g) diverges logarithmically. This is an ultraviolet effect that 
should not affect the infrared behaviour at the Fermi surface |11]. With this in mind, we 
obtain 



G'(Pii) 



Ai 




+ fm2 



Dl. 



(7) 



where 



*^We are using a simplified version as in 



h 



4^ 
3 87r2 • 
To leading logarithm accuracy, the results are unaffected 



(8) 



These relations can be readily generalized to arbitrary Nc,Nf in the CFL phase Ig. The 
transverse cutoff A_l = 2/i is exactly fixed in weak coupling. Hence A_l > mE,mM and the 
logarithm in (|^) may not be expanded. To leading logarithm accuracy, the gap equation 
(|5|) can be solved using x = ln(A^,/p) with A,, = {AA^/Trm^) in the weak coupling limit. 
The result is 

G{x) = Go sin(/i^ x /Vs) (9) 



with Go given by 



/ 4A6 \ ya^r 
Go « -^ e-^ . (10) 



irm. 



This result is the same as the one reached in |14, 11, ^, ^. We further note that the chiral 
condensate vanishes in the chiral limit, 

(**> =^/(04^S(g) = O (11) 

because of the vector character of the interaction at the gap, see e.g. (|3|). However, the 
composite (quartic) chiral condensates do not, e.g. 



.^..^n rA^ 



(**y 



(2vr)^ 



S(g)St(g)l/0. (12) 



3. Pions in the CFL Phase 



At high density, QCD with Nf = Nc = 3 and three degenerate light quarks exhibits 



a phase with color- flavor locking that is multiply degenerate |16|, i.e. 



(* M*^" (e-^^5"^ ) P2 * ) / (13) 

with M"" = e'^e"75 = (M^)""^, p2 a Pauli matrix active on the Nambu-Gorkov entries, and 
T = diag (T,r ) an SU{3)c+f valued generator in the Nambu-Gorkov representation. 
The CFL phase is invariant under the diagonal of rigid vector-color plus vector-flavor, i.e. 
SU{3)c+v- The Goldstone modes in the CFL phase can be regarded as excitations with 
particle and/or hole content. Their wavefunction is driven by the Bethe-Salpeter kernel 
shown in Fig. |^. Specifically, ^ 

T^ip, P)=g'J^^ W{p - q) iWl iS{q+^) V^{q, P) iS{q-^) zV,^ (14) 



*®Note that the Fermion propagators are dhected. Therefore, the two propagators incorporate the total 
momentum P with opposite sign and the relative momentum q with the same sign. 




B, -P+ 




Figure 2: Bethe-Salpeter equation for the pions in the QCD superconductor. 



and the vertex is defined as 



V" = 



7^AV2 

C7(7^AV2)^C-i 



7,.AV2 

-7/.A«^/2 



(15) 



For P = 0, the Bethe-Salpeter equation (14) admits the following solution for the CFL pion 
vertex 



1 



r^(p,o)=i75- 



-G*(p)M^^ 



F \ G{p)M' 



(16) 



with M^ = M'^" (r^)«" and M^^ = M'^" {t^*^. Indeed, in terms of (|TD the Bethe- 
Salpeter equation for P = reduces to (U) with ^ for /i^, after using 



E 



XaT 



X" 



tA 



■ i:V( 



2Vy2 3 ' ^ 2 \ J 2 3 

a 



(17) 



and ignoring the symmetric contributions in color-flavor which are subleading in leading 
logarithm accuracy. Hence G{p) = G*{p) satisfies the gap equation (^) and F can be 
identified as the pion decay constant. The distinction between temporal Ft and spatial Fs 
will be made below. We note that G{p) in the vertex ( [T^ ) plays the role of the pion form 
factor in weak coupling in the CFL phase. In the effective Lagrangian approach [0, g this 
feature is usually ignored by treating the pions as point-like. 

Having identified the Goldstone modes, we now proceed to determine the pion decay 
constant F. For that we use the standard definition in terms of the axial vector current W^ 



^/3 



(BCS|A;i(0)Kg(P))^iFP^5' 



0/3 



(18) 



In terms of the original quark fields ifj, the axial vector current follows from Noether theorem. 
Hence 

A^(x) = *7^75^T°*. (19) 



*^Note that because of the common term +P^, the charged conjugated field in momentum space 
transforms as ipc{<l) ~ Cip'^{—q), although the corresponding field in position space transforms just as 
'tpcix) = C-tp^i+x); see Ref. Q. 



In terms of (|l^) and (|19D the relation (|18|) is given by the diagrams in Fig. y. Specificahy, 

iFP,6^^ = -J^Tv i^j^^,^T-iS{k + ^)iTP{k,P)iS{k-^)^ . (20) 

In the (massive) pion rest frame P = (Af, 0), (pO|) can be unwound for the temporal com- 
ponent of the axial-vector current. Expanding the right-hand-side of ( pO|) to leading order 
in M, yields the temporal pion decay constant 



^l--8^ 7^7^^^^- (21) 



.2^_.- / dk \G{k)\ 

" (2-)M^g-4)' 

The result (|2l] ) is reminiscent of the result for the Goldstone modes in the normal phase 
obtained with the substitution G{p) -^ M{p) (constituent mass) [|l^]. In the normal phase 
(with n = 0), Lorentz symmetry is intact, so Ft = Fs- At finite /u, Lorentz symmetry is 



upset pq, 19, EG]. Indeed, the spatial component of (|20|) yields instead 



.2 ^ .. / d^k \G{kr ,c f.^2 _ 1 Z.2 



Fi^-Si - — -r ' ^ ^' ^ (k-Py = -Fi . (22) 

' J (27r)4 (A:2-4)2 V ^ 3 T V ; 

In the CFL phase the Goldstone modes travel at a speed less than the speed of light. The 
factor of 1/3 in ( p2[ ) is easily understood as the average of the current direction squared 
over the Fermi surface. 

For a constant gap, (|2l] ) diverges logarithmically. However, this is an ultraviolet 



effect similar to the one already observed in the gap equation [11| that can be subtracted 
without affecting F at the Fermi surface at least to leading logarithm accuracy. Assuming 
G{k) = G{kii), and performing the integration over k^ by contour with e^ ^ €k — ie, we 
obtain 



.2 ., V r .,, \Gik\\ 



F4^^ dku \"" . (23) 

Inserting the leading logarithm solution (P) to the screened gap equation (0) in (p3|) and 
defining xq = ln(A*/Go) = \/37r/(2/i*), we have 

^ 7r2 io '1 2X0 7 2^2 4^2 + ^2 -^2- 1^4 j 

Hence, Fj^/Gq 3> 1, implying that the 'size' of the pious r^ ~ 1/-Fr in the CFL phase is very 
small. The inverse size of the pion relates to the inverse transverse momentum exchanged 
between pairs at the Fermi surface, which is of order n, irrespective of screening. Clearly 
Ft vanishes if the BCS gap vanishes through (21). 



4. Axial Ward-identity 



<BcsiA;;in(p)> 




A„ 



Figure 3: Axial-vector transition in the QCD superconductor. 

The underlying flavor symmetry of the QCD action entails chiral Ward identities 
in the QCD superconductor with relations between the mass and decay constant of the 
Goldstone modes. Indeed, when chiral symmetry is explicitly broken by massive quarks 
nif = {mu,md,ms), then the pions are expected to be massive. Hence 



0= / d'^xdii /bCS 



r*A^(x)7r^(0) BCS) , 



(25) 



where the axial- vector current AJJ is given in ( [191 ) and the pion field 7rB(x) in the QCD 
superconductor is defined as 



./3 



<(x) 



V^C'Mir^75V'(x) 



(26) 



The flavor axial-vector current in the CFL phase obeys the local divergence equation 



a- A" 



tpi^ [mf,T'^]^ -f5^P{x) 







V V'c4N/>'^"*]+ 75V'c(2;) 

For massless quarks, the hermitean axial- isovector charge 



(27) 



af^O\ 



Qs = Qs (^ 



V 





?ci^"*7°75V'c(x) 



is conserved and generates axial-vector rotations, e.g. 



(28) 



In terms of (p7|-29), the identity ( |2^ ) yields the axial Ward-identity 



d^x (bCS 



-J* 1 



ra 



;,7r°(x)], 4(0) 



BCS) = (BCS 



-,a/3 



^%'m 



BCS) 



a/3/ 



where the diquark field Xl^ (x) is defined as 



K'i^) 



ipY 



l^a 



,Mtr^l j^i^cix) 



i; 



c 



ir",MT^ 



ip{x) 



(29) 



(30) 



(31) 



and 7r(x) is the diagonal pion field 



7r-(x) 



lpiT'^^5 il){x) 

il)ciT°'*lbi^c{x) 



(32) 



The latter is to be contrasted with the ofF-diagonal or BCS pion field (Pq). Clearly in the 
QCD superconductor, ■k{x) and ttb{x) mix through (|30D. This is expected, since particles 
and/or holes can pop up from the superconducting state, thereby changing a normal pion to 
a BCS pion. The true pion is a linear combination of both, and the number of pseudoscalar 
Goldstone modes is only commensurate with the dimension of the manifold spanned by 
([T^. A typical contribution to ( pO| ) is shown in Fig. ^ and ^. The dotted insertion in 
Fig. ^b corresponds to the BCS pion exchange in the superconductor. The nonconfining 
character of the weak coupling description allows for the occurrence of the gapped qq and/or 
qq exchange of Fig. 0a. Hence, 



{!■ 



(bcs 


5^S'(o) 


■ d'^1 rr„ 


i75 


iK,T 



bcs) « - /(gfr TV [^75 i K, T°]_^ iS(g) U% iS{q) 



,T-]^iS{q)iT^iS{q)]} ( 



I 



«' 



{/(0Tr[ir«'fS(g)n^iS(g)]} 

(33) 



with 



n 



B 



7° ('ir^75My • 

ir^j^M 



(34) 



In the chiral limit rrii —>■ 0, i (^ {u,d,s}, the first term in ( p3|) (Fig. ^) drops out and the 
identity is fulfilled if 1/M^ is sufficiently singular in rrii to match the numerator. The traces 
can be evaluated in weak coupling. The result is 1^ 

d'^q 



(2vr)' 



Tr 



ns 



l[mf,T'^]^iS{q)iT^iS{q) = 0{m}) , 






(35) 



which shows that M^ = 0{m?f). To determine the coefficient, we need to expand the vertices 



and the propagators in ( p^ ) to leading order in nif. The 0{mf) corrections to both G{p) 
and T{p) do not contribute. They trace to zero because of a poor spin structure. Therefore, 
only the 0{mf) correction to the propagator (^) is needed, i.e. 



AS{q) 



7 



f "^f 



rrij- qo+q\ | 
MA-(q) Mm^A+(q)\ G(g) 



2/x 



+ 



2/x 






I mfMtA+(q) MtmfA-(q) \ G*(g) 

^ \ 2m "^ 2/. y ^fT^f 

raj -go+g|| 



(36) 



**The use of _Ft instead of Fs in the pion vertex follows from the fact that the intermediate BCS pion is 
generated by a chiral rotation of the BCS ground state. A similar interpretation in matter is made in |19[. 



9 





(b) 

Figure 4: (a) connected and (b) disconnected (generalized pion) contribution in the QCD 
superconductor. 



Using (p6t) yields for the first trace in 



(2^)4 



Tr 



i75^K,T"]^iS(g)ir«iS(g) 



■ Trc/ ( 



mf^^T'^ 



(m+m^ - m'^^m) 



2 a* 

ruf ,T 



CmM'^''' - M'^Mt 



Using (|35D and (pT]) in (|33D and noting that 



^f) = Tr 



,Mr^ 



P2S] =5"^8i / 



d^g G(g) 



(2vr)4 g2 



(37) 



(38) 



we obtain for the mass of the Goldstone modes 



K)' 






nif , r" 



2 ce* 



2 2567r'^ 






{Tr.fi 









2 CK* 



MM^^-M^M^))} 



(39) 



where (^) and (0) were inserted into the last line for Fj^ and Go, respectively. Furthermore, 
niE = \/j3/2) g^/ir was used. The m'j behaviour is consistent with the one suggested in |21|. 
The color-flavor trace in (|39| ) vanishes, suggesting that the generalized pions remain massless 
to order m^ in the CFL phase ^. 



5. Conclusions 



We have discussed certain bulk features of the QCD superconductor. In the CFL 
phase, the order parameter is multidegenerate leading to Goldstone modes, with tempo- 
ral and spatial decay constants that can be calculated exactly in weak coupling. We find 



*®This result is exact in mass perturbation theory in the CFL phase modulo footnote 3. 



10 



Fj^/Gq ^ 1 and Fg/Fj^ = 1/3. The Goldstone modes have a very sinah size and propagate 
with a speed that is less than the speed of hght. The multidegeneracy of the Goldstone 
manifold is lifted by finite quark masses. The Goldstone modes are found to obey a gener- 
alized axial Ward identity, constraining the mass of the pion in the CFL phase. We note 
that the small size of the pion implies that the recently discussed superqualitons Q are in 
general heavy, with Mg/Go ~ {Fs/Gq)'^ ^ 1. The mismatch between the temporal and 
spatial decay constants may be relevant for soft pion emission in cold and dense matter. 
Further issues regarding the CFL spectrum will be discussed elsewhere. 
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